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Nature of the divergence in low shear viscosity of colloidal hard-sphere dispersions
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Measurements of the low-shear viscosity with a Zimm-Crothers viscometer for dispersions of colloidal
hard spheres are reported as a function of volume fracfiap to 0.56. Nonequilibrium theories based on
solutions to the two-particle Smoluchoski equation or ideal mode coupling approximations do not capture the
divergence. However, the nonhydrodynamic contribution to the relative visadsityis correlated over a wide
range of volume fractions by the Doolittle and Adam-Gibbs equations, indicating an exponential divergence at
$,=0.625+0.015. The data extend the previously proposed master curve, providing a test for improved
theories for the many-body thermodynamic and hydrodynamic interactions that determine the viscosity of
hard-sphere dispersions.
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I. INTRODUCTION tance. Kriegef9] recognized early on that hard spheres pro-

. : vide a baseline or convenient reference for understanding
The next step beyond the ideal gas is the hard spherg,q e complicated complex fluids, including many everyday

which captures excluded volume interactions in atomic Omaterials of technological importance. Viscosity also serves
colloidal systems but still ignores attractions. These producgs a useful indicator for the onset of a g|ass transit@]_

an entropy-driven disorder-order transition with liquid andFinally, data for hard spheres provide an essential test for
crystal coexisting for volume fractiong between freezing theories that must approximate many-body thermodynamic
¢¢=0.494 and meltingp,,=0.545[1] and a dynamic glass and hydrodynamic interactiorfd7] to predict the rheology
transition at a higher volume fractiopy=0.56-0.58[2]. ~ Of concentrated dispersions. _

The hard-sphere fluid provides a reference system for the 1he stress in dispersions of hard spheres of radibas
study of molecular and colloidal fluid8], so insight into the ~ contributions from hydrodynamic and thermodynamic, i.e.,

metastable fluid and glass should contribute to understandi rownian and interparticle, forces as _deflned by Batc_helor
. 8]. In the low shear or weak flow limit the former derives
of the glass transition phenomena more broadly.

' ) from many-body hydrodynamic interactions among spheres
Several model colloidal suspensions, such as(puhyl ith equili)l;riumyspgtial d)i/stributions. The contributign tg the
methacrylate (PMMA) spheres with a grafted layer of |gy-shear viscosity 5, corresponds to that for high-
poly(12-hydroxy stearic aclPHSA) [4] or bare silica par-  frequency oscillations, denoted by, . At equilibrium the
ticles [5] in a refractive index matched solvent, behave asBrownian and interparticle forces produce only an isotropic
hard spheres. Earlier studies of dispersions of colloidal hardtructure and stress, i.e., an osmotic pressure. A shear flow
spheres confirmed the phase diagif@)Y] and the equation perturbs the spatial distribution from the isotropic equilib-
of state for the fluid and crystéB] derived from computer rium state, generating a deviatoric stress with magnitude for
simulations and also determined shear viscosities and vidard spheres proportional to the thermal energy density
coelastic moduli for dilute and moderately concentrated diskT/a® times the Brownian relaxation tima?/DZ, with D2
persions[5,8—13. Colloidal hard spheres have also beenthe short-time self-diffusion coefficient. Combining these
employed in studies of the kinetics of nucleation and growthproduces a low-shear viscosity of the form
of the crystalline phasil4] and the lattice dynamics of crys- KT
tals[15]. Such experiments are easier with colloidal disper- No= 7ot ——5—
sions than with molecular systems because of the much 67Dsa

longer length and t_|me scales_, which mz_ike _experlment%ith A 5, representing the dimensionless contribution due to
tools .SUCh as Iaser. light scattering anq Optic MICroOSCOPY ARy o\ nian motion and the interparticle potential. The high-
propriate. For colloids, random Brownian motion on the dif-¢reqency viscosity and the short-time self-diffusion coeffi-
fusion time scale is the manifestation of the kinetic energy otjant depend only on hydrodynamic interactions among
the molecules, while the solvent provides a background thagpheres at equilibrium but differ in the cause of fluid motion,
transports momentum and modulates the interaction poteRghich is an imposed rate of strain for the former and a ran-
tials. So colloidal hard spheres have exactly the same phasgpm force on a single particle in the latter. This fundamental

diagram as a molecular hard sphere. However, the exchanggmilarity is reflected in théshort time generalized Stokes-
of momentum in dynamic processes is considerably differEinstein relation,

ent, since one must deal with many-body hydrodynamic in-
teractions in the colloidal case. D= kT AdP° ©)
The rheology of colloidal hard spheres has its own impor- S 6myLa O

Ang, 1
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For hard spheres, theory and experiments indicatd Mo )
=0.5-2.0[19] for a wide range of volume fractions, sug- 7:1+2-5¢+6-0¢ : )
gesting the approximation
The most popular phenomenological correlation of the
o= nL{1+ A7} ©) low-shear viscosity with volume fraction at higher concen-
trations, originated by Krieger and Doughef8), takes the
By analogy to Eq.(2) one can define a generalizébng  form of 7o/u=(1— ¢/ py;) ~*. Recently Brady20] rescaled

time) Stokes-Einstein relation betweep and the long-time the prediction for the low-shear viscosity at infinite dilution
self-diffusion coefficienD” as without hydrodynamic interactions, obtained by solving the
S

Smoluchoski equation, to account f@) far-field hydrody-

KT namic interactions via., and(b) the larger number of near-

Adg, (4) est neighbors at finite concentrations through the Percus-
Yevick approximation for the radial distribution function at

_ w . ) contactg(2;¢). From this emerged the appealingly simple
with Adg’ close to unity for moderate concentrations of hard,qg it

spheres. Recent measurements and theory indicate, however,
that Ad; can deviate substantially from unity at high con- Ano=420(2;¢) p*. (8)
centrationd16,19.

The “hydrodynamic rescaling” approximatio3) has
been employed to predict the low-shear viscosity of concen
trated dispersions of hard spheres from calculation& pf
for dispersions without hydrodynamic interactidr&d] and 2
for molecular hard spheres via mode coupling thddsg}, as term of 7.4

described below. The analytical approximation for the high-,[h ASV ariletyhof rlgore systerr;atig apprqximt?]tions, empll%ying
frequency viscosity21], e Smoluchoski equation to determine the nonequilibrium

structure and standard expressions for the Brownian and in-
3 2 terparticle stresses, have been proposed since Batchelor’s ex-
1+24[1+¢(1+¢—2.347)] 0< ¢$=<0.56, act theory for the dilute limit. Determining the validity, self-
7% 1—p[1+ p(1+ p—2.3¢%)] " consistency, and accuracy has proven difficult or at least
o 1 contentious. Recently Wagner and co-workgz&] applied
15.78Ir11—,——42.47, 0.60=¢<0.64 the GENERIC algorithm to test the various approaches for
- 1.1605"° thermodynamic self-consistency. Those found to be inconsis-
(5 tent included the simplest, rescaling of the dilute limit to
obtain Eq.(8), and the most complex, implementation of a
nonequilibrium version of the hypernetted chain closure
fi?]. The next simplest self-consistent approximation re-
places the pair potential in both the Smoluchoski equation
and the interparticle stress with the potential of mean force,
® = —kTIng(r,4). Of course, this does not imply the clo-
sure to be accurate and says nothing about the accompanying
Il. BACKGROUND hydrodynamic approximation, e.g., rescaling. The resulting

From the colloidal perspective, most approaches h‘,:Wé)redlctlons of », for monodisperse hard spheres diverge,

L oughly quadratically, at random close packing.
evolved_ fm”? the derivation of 3atche|c§ﬂ.8] of the. Ic_)w- The Stokesian dynamics simulations developed by Brady
shear viscosity for hard spheres in the dilute or pair interac

. L o L . ='9M[23] accurately compute the many-body hydrodynamics
tion limit. The nonequilibrium pair dlstrl_butlon functlon 'S forces and incorporate Brownian motion and the hard-sphere
extracted from the Smoluchoski equation, which balance

e ) X ) “€2xcluded volume to generate both equilibrium and nonequi-
diffusion and translation due to the interparticle potent|alIibrium structures, albeit for rather small numbers of par-

against deformation due to the flow, with hydrodynamic N4 les (generally 27 per periodic box. Use of a Green-Kubo

teractions modulat.mg all three fluxes. The thermOdynam'Crelation eliminates the need to extrapolate the nonequilib-
stresses follow as integrals of the Brownian and mterparhcle;iu m results to the low-shear limit and provides accurate

forces weighted by the pair distribution function and modu-low_Shear viscosities for volume fractions up to 0[2@]. In

lated by hydrodynamic mobilities. The resulting virial e€Xxpan- 4 ydition, the accurate calculation of hydrodynamic mobilities

slons for the hlgh-frequency viscosity and the therr‘nOdy'serves to motivate the hydrodynamic rescaling approxima-
namic contribution,

tion and validate more sophisticated of&g]. In this spirit
, one can rescale recent Brownian dynamics simulations with-
D _ 1+2.5¢+5.002, Ape=1.002, (6) out hydrodynamic interactions and with many more particles
(1331-2000[25] to extend the results t¢p=0.55.
From the molecular perspective the rapid increase in vis-
determine the low-shear viscosity as cosity for fluids approaching the glass transition with either

526771;051

Since bothy.(5) andg(2;¢) diverge at random close pack-
ing as (@pm— @) ! with ¢,,=0.637-0.644, this provides the-
oretical support for the Krieger-Dougherty formula. In the
dilute limit where g(2;0)=1, Eq. (8) leads to anO(¢?)

is consistent with the exact dilute limit and results from
Stokesian dynamics simulations and experiments on conce
trated dispersions. Likewise, the relationship betwggiand
D¢ is the basis for phenomenological models for the viscos
ity of molecular fluids near the glass transition.
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decreasing temperature or increasing pressure has stimulateith C and su. the unknown parameters. The configurational
numerous phenomenological models that predikt, entropy for hard spheres can be derived from the total
[16,26. Free volume arguments of Cohen and Turnb2fl]  entropy,

focus on the environment surrounding a molecule in a dense

fluid and derive the probability for the appearance of suffi- do¢

ciently large cavities for the molecule to diffuse, thereby es- TS= _J Z(¢) & (13
caping the “cage” of nearest neighbors. This leads to an

expression for the diffusion coefficient @8=a* uexp with Z the compressibility factor. aS...=S— lim S
(— yv*Ivy) with u the thermal velocitya* a size on the order (4) P y » eont bt

of a molecular diameter,* the minimum free volume for Here we takeZ(¢) from the Carnahan-Starling equation for
motion, v the average free volume per molecule, andn  the equilibrium fluid up tap=0.49 and employ an analytical
O(1) constant. Taking the average free volume for hardit to recent simulation§28] for 0.49< ¢< ¢,,=0.644. As
spheres asy(/v*=¢ 1= ¢t with ¢, referring to the  ¢— . Seon~(dm— #), S0 the Adam-Gibbs prediction for
Kauzmann volume fraction or random close packing, and theéhe viscosity should asymptote to that from the Doolittle
prefactor ag* uxD? yields a long-time self-diffusion coef- equation.
ficient of the form 1DZ=1/DJ+ 1/ADZ with Mode coupling theorieSMCT) [29] have contributed
greatly to discussions of the dynamics of supercooled liquids
and the liquid-glass transition for molecular systems, predict-
. 9 ing power law divergences in the relaxation times and ex-
tracting the glass transition through analyses of bifurcations
o , . In the self-consistent long-time solutions of the MCT equa-
The derivation then calls on the ]ong-tlorcne generalizedions, The equilibrium static structure factor is required as
Stokes-Einstein equation, i.e., Ee) with Adg=1, to pro-  jypyt, along with approximations for the coupling factors
duce the Doolittle equation, that appear in the general formulation. With the Verlet-Weiss
correction to the Percus-Yevick structure factor for hard
Ybbm spheres, the simplest formulation, known as ideal mode cou-
dm— b pling, predicts a glass transition &= 0.525, which is much
too low. This is taken to indicate that the theory exaggerates
C and y normally are assumed to be constants, thougiih® “caging” effect through which neighbors constrain par-
strictly speaking the former should vanishés-0. As noted  ticle motion. NIILTthe- volume fraction is rescaled as
earlier, the validity of this approach is somewhat suspect=(#¢/0.525)¢™" with ¢, as an adjustable parameter, the
since Ad? tends to depart from unity in the vicinity of the MCT predicts the residual, i.e., nondecaying, part of the dy-

glass transition in molecular systems or close packing foPamiC_ structure factor beyond the g_las_s transition_in nearly
colloidal dispersions quantitative agreement with dynamic light scattering mea-

In contrast to the free volume approach, which focuses osurements from dispersions of colloidal hard spheres. The

individual particles hopping into free volume to escape theirVOIume fraction and wave number dependence of the decay

cages, the Adam-Gibbs thediy6] addresses cooperative re- of thg_dynamic structure factor pelpw and above the gla}ss
arrangements of groups of molecules or particles. As the Syg[an_smpn are .also captgred qualitatively. The on\{-shear vis-
tem approaches the glass transition or close packing, relagoSty 1S p_rgtggcted to diverge at the glass transitiomag,
ation requires the coordinated motion of progressively largef (¢~ ¢) ~~ An extended formulation of mode c“oupllr?g
numbers of particleg* . The analysis expresses the size of "€0"Y EXISts in part, in an attempt to incorporate “hopping
the region,z* =s*,/Sen, in terms of the configurational events(that) appear because phonons kick particles over bar-

entropy S.qn¢ in the excess of that associated with local mo-Hers [30]. This is expected to aIIovy the dynfamlc structure
factor to relax completely at longer times, which should also

tions that do not alter the nearest neighbors of a particle. Theroduce a finite low-shear Viscosity up to random close pack-
long-time self-diffusion coefficient follows as P L yup P
ing, but results are very limited to date.
N The direct application of the molecular theory to colloidal
_ SconfOt dispersions is not entirely satisfying, since the complete ne-
Dx ex , (11 O > .
SeonKT glect of hydrodynamic interactions precludes a quantitative
description of the dynamics. Also, the high-frequency re-
sponses retain the divergence characteristic of underdamped
molecular systems. Recently t&le, Bergenholtz, and co-
workers[19,31,33 have developed several strategies for as-
sessing the validity of the approach for colloidal dispersions
and incorporating hydrodynamic interactions. These include
careful comparisons of predictiofa) in the dilute limit with
Suln?2 exact solutions from Smoluchoski formulations without hy-
= pin drodynamic interactions an¢b) at higher concentrations
An,=Cex : (12 . ; 9 ; .
TSeont with results from Brownian dynamics simulations. In the di-

Ybbm

ADZxDg ex R —
m

An,=Cex (10)

with scznf: O(kIn 2) the entropy of the minimum number of
particles andsu the chemical potential barrier to motion.
Translating this into colloidal terms and invoking the long-
time Stokes-Einstein equation, as for the free volume ap
proach, suggests
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lute limit the predictions from MCT are semi-quantitative, sion electron microscop¢TEM). The particlegbulk refrac-
i.e., differing atO(1) in numerical prefactors. At higher con- tive index n=1.491) were dispersed in two different sol-
centrations the dynamics are reproduced accurately in @ents: 1,2,3,&is/transdecahydronapthalengdecalin, n
broad sense, if;=0.62 is chosen to fit values for the long- =1.4750, which produced an opaque whitish dispersion,
time self-diffusion coefficient from simulations up t¢ and a mixture of cis/trandecalin and 1,2,3,4-
=0.50. By adapting the rescaling described above to accoumgtrahydronapthalene(tetralin, n=1.541Q that nearly
for hydrodynamic interactions, they obtained good agreematched the refractive index of the swollen PMMA particles.
ment with low-shear viscosities measured by Seer@l. We convert the weight concentration to effective hard-sphere
[13], for $=<0.49 and relaxation times from earlier viscoelas-volume fraction by measuring the densities and refractive
tic measurements by van der Weeff al. [33]. The full vis- indices to determine the free volume and swelling of the
cosity then diverges apy as 7,%(dg— ¢) 2% with some  particle in each solvent and then constructing an experimen-
enhancement from the weak logarithmic divergence in theal phase diagram from a series of samples with different
high-frequency viscosity5) at ¢, . concentrations. On that basis the scale factor between the
The extant data for the low-shear viscosity for colloidal mass concentration and the hard-sphere volume fraction is
hard spheres extends through the equilibrium fluid phase intohosen such thap=0.505 (accounting for 5% polydisper-
the metastable regime. Most of the recent data for PMMAsity) for the mass fraction at which crystals appear. For the
hard spheres lie below the freezing transition, which is 20-unswollen decalin particles this sets the PHSA layer thick-
25% below the divergenck8,13]. The older data for silica ness asL=15.1=1.5nm and the melting transition at
dispersions in cyclohexane and ethylene glycol—glycerok0.552+0.005. The melting transition in the mixture occurs
mixtures include sets that reach beyond 0.60 but suffer tat ¢=0.544+0.008, so both lie almost within experimental
varying extent from polydispersity, which reduces the mag-error of the theoretical value of 0.555 for 5% polydisperse
nitude of the viscosity17], and an extrapolation to the low- hard spheres.
shear limit[13] and significant scatter, which introduce un-  The radii of bare silica spheres, courtesy of Nissan
certainty into estimates of the maximum packing fraction.Chemical Corp., Tokyo, were determined as 249 nm by
Thus, approximate theories that only differ significantly inTEM and dynamic light scattering. The spheres (
the vicinity of the divergence, such as those described above; 1.4583) were dispersed in a refractive index matching
are difficult to distinguish and the volume fraction at the mixture of ethylene glycol if=1.4334) and glycerol r{
divergence remains uncertain. =1.4752), which was demonstrated previously to produce
In the background is the current ferment about the natur@ard-sphere behavif§]. A slight charge on the particles was
and existence of the hard-sphere glass transition. ReceBtippressed by adding 0.054 M KCl in the suspension to re-
computer simulations find no thermodynamic glass transitiorjuce the Debye screening length &0 '=0.1 nm. These
betweeng; and ¢, [28], in contrast to a number of earlier bare silica spheres remain stable in the index-matching mix-
efforts. Careful dynamic light scattering measurements conture in the absence of electrostatic repulsion, suggesting that
firm at least semiquantitatively the mode coupling predic-hydration of the surfaces by the ethylene glycol suffices to
tions for the residual or nondecaying portion of the dynamicnegate the weak dispersion attraction. The viscosity of the
structure factor and nonergodicity paramete34]. Very re-  solvent is very high, e.gx(20 °C)=190 mPasu(25 °C)
cent studies with confocal microscopy detect dynamic het=138 mPas, ang.(30 °C)=102 mPas, and crystallization
erogeneities and quantify non-Gaussian aspects of diffusiowas not noticeable in two years. They do crystallize, how-
processes and estimate long-time self-diffusion coefficientsver, when dispersed in formamide, which has a low viscos-
[35,36. These distinguish compact clusters of slow particlesty and may also induce charges. The initial aqueous disper-
from tenuous fractal domains of fast particles and ¢gt  sions with ¢~0.20 were washed by dilution, centrifuged,
=0.58+0.01 from the transition in the non-Gaussian re-and redispersed in distilled water three times to remove im-
sponse and the size of the compact clusters. On the othglrities and possibly smaller particles. Three washes with
hand, the population of fast particles and the finite lifetimesethylene glycol then removed the water and three washes
of the compact slow domains seem to translate into longwith the index-matching mixture balanced the solvent. Fi-
time self-diffusion coefficients that remain finite beyond thenally, these suspensions were centrifuged at 1500g and the
glass transition. Thus a consensus may be emerging that tRgpernatant was discarded. The sediment, which was con-
heterogeneity and nonergodic nature of the dynamics at infirmed to have a volume fraction ap,,=0.64, then was
termediate times reflect a dynamic glass transition, yet modiluted with the solvent mixture to prepare separate samples
tion continues on longer time scales as reflected by finitet the desired volume fractions by addition of more solvent.
long-time self-diffusion coefficients and, presumably, low-  The critical stress associated with shear thinning for hard-
shear viscosities. sphere fluids is of ordef9] o.=kT/a®~190 mPa fora
=244 nm, but shifts to lower values f@as>0.5. The New-
Il EXPERIMENT tonian_ low-shear regime is reachgq at stresses an ordgr of
magnitude or more below the critical stress, so a critical
The PMMA-PHSA, polymethyl methacrylate  issue is ensuring sufficiently low shear stresses. For this rea-
poly(hydroxy stearic acig particles were synthesized by Ot- son, we use a Zimm-Crothers viscomdtgr] as pictured in
tewill and his group at Bristol Universitj4] with average Fig. 1. A temperature-controlled static outer cylinder con-
core diameters of 518 and 640 nm determined by transmigains the fluid of interest plus a neutrally buoyant rotor bal-
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FIG. 1. Zimm viscometer. FIG. 2. Shear stress versus shear rate for several concentrated

dispersions of bare silica spheres showing the linear region at low

anced by the addition of aluminum and plastic disks. Surfac&hear ratesor stressesfrom which the slope yields the low shear

tension centers the rotor. A constant torque is generated B{Scosiy- All these lines extrapolate through the origin within ex-
the interaction of the aluminum disk fixed at the bottom of .er|m.ent.al error. Athigh concentrat|on¢1>9.46), deY'atlonS from
the rotor with an applied rotating magnetic field. A HP3325AI|ne_anty indicate the orlset of shear thinning. The insert shows the
. . - calibration that determines the apparatus constant
synthesizer/function generator and pulse motor drive the
magnet at a constant but adjustable angular velooity.

Thus a constant shear stress is applied to the fluid between IV. RESULTS AND DISCUSSION

the cylinders. The rotation rate of the rotor is detected by Our earlier papef8] compared data for PMMA-PHSA,
reflecting a laser beam from a circular pattern of alternatin e . :
olystyrene, and silica hard spheres, displaying excellent

black and reflective radial strips on the top of the additionalcorrelation of the hiah shear viscosities but considerable
plastic disks. As the rotor trns, the beam reflected from Zcatter forg>0.30 in?he low-shear viscosities. In the stud-
point off the center of the pattern blinks on and off. The: ¢>0. y

beam impinges on a photodiode, whose signal is converte§> with polystyrene and si.li.ca all t.he .vollumg frac_t!ons were
by an analog-to-digital card and'analyzed to determine thgalculated from bulk densities or intrinsic viscosities, some

frequencyw, . Equating the magnetically induced torque to of the data were extrapolated to the low-shear limit, and

the viscous torque on the rotor determines the steady she pme suffer fror_n s_lgnlflcant poly(_Jllspersny. '_I'hese_three fac-
. . ~ . . . ors introduce significant uncertainty. The Zimm viscometer
viscosity asy=C(wny— w,)/w, with C the calibration con-

stant that depends on the strength of the magnetic field, th%hmmates the extrapolation and calibration with respect to

conductivity and size of the aluminum disk, and the r4gti an independent measurement at high concentration provides

andR,) and surface areas of the rotor and the outer cylinder‘rfm accurate volume fraction. The hard-sphere freezing tran-

We calibrateC by measurements with watdrans-decalin, Sition, as originally argued by Puse§], seems most appro-

cis-decalin, glycerol, and glycerol or sucrose solutions withpriate when crystallization is evident, as for the PMMA-
n, glyc » and gly PHSA/decalin-tetralin systems. Random close packing is a
known viscosities ranging from 1 mPas to 1.5 Pas. The_ . . )
. . Suitable alternative for our SiZethylene glycol—glycerol
average shear stress in the fluid is

system and is relatively insensitive to low levels of polydis-
AR2R2In(R, /R.) persity. In the apsence of either of yhese, as fqr the_PMMA-
— (o w,). (14) PHSA/mineral oil systeni38], the high shear viscosity of-
Rf)—er mot fers another robust property that reflects the hydrodynamic
volume. Figure 3 demonstrates the agreement among data for
Because extraneous sources of friction are minimal, stresséise PMMA-PHSA and the current silica dispersions to be
as low as 10° Pa can be applied. Thus, the Newtonian low-excellent after these corrections. The two outlying points at
shear regimes of the hard-sphere dispersions can be inveshiigh volume fractions correspond to PMMA-PHSA at
gated. The inset in Fig. 2 shows the calibration that deter=0.494, in which crystallization may have occurred without
mines the apparatus constaB)tthough the relative viscosity being detected.
7, is actually independent of the calibration. The main plot This new “master curve” for the PMMA-PHSA/decalin-
in Fig. 2 depicts shear stress versus shear rate for severnaitralin and SiQ/ethylene glycol—glycerol (SiQEG-Gly)
concentrated dispersions of bare silica spheres. At the highelispersions lies significantly above the previously accepted
concentrations the linear regions of the data, whose slopeme, which was based on the polystyrene and
give the low-shear viscosities, are followed by curvature in-SiO,-C;gcyclohexane systems[39]. The data for
dicating the beginning of shear thinning. SiO,-C,gcyclohexane obtained by de Kruif are undoubtedly

o=
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FIG. 4. Comparison of relative low shear rate viscosities with
FIG. 3. Relative low shear viscosities as a function of volumePredictions from nonequilibrium theories and simulations. Stoke-
fraction for PMMA-PHSA spheres in decalin, decalin-tetralin mix- Sian dynamics simulationg24] (+), rescaled Brownian dynamics
tures, and mineral spiritg8,13,34 and SiQ spheres in ethylene Simulations without hydrodynamic interactiofi5] (*), rescaled
glycol-glycerol mixtures from this work. mode coupling theory19] (—), rescaled Smoluchoski theory with
potential of mean force closuf&7] (--), and rescaled dilute limit of

] ) Smoluchoski theory20] (— — —).
affected by polydispersity17] and may also suffer some

uncertainty due to the extrapolation to the low-shear limiting comparison. Plotting\ 7, against 1/(0.64 ¢) on log-
[13]. The original hard-sphere data for polystyrene fromlinear coordinates suggests that tpeesumably power law
Krieger are difficult to impeach on any grounds other thandivergences in the theories and the Brownian dynamics
guilt by association. Nonetheless, the addition of the curren?"mmat.IonS do not capture the apparently exponential diver-
SiO, /EG-Gly data to that for the PMMA-PHSA dispersions gence in the data.

. . . . Motivated by this trend we compare the same data with
constitutes a database in which several important factors . . ;
. : : : éxpectations from the Doolittle and Adam-Gibbs models on
have been treated consistently) a high volume fraction

; . ; slightly different coordinates in Fig. 6. Here, of course, each
reference for the conversion from weight fractié®) access gntly 9

to sufficiently low-shear stresses to reach the Newtonian 1000

@ PMMA/DT25/640nm
limit, (3) independent evidence of hard-sphere behavior, anc . ;nggg:;m
(4) minimal effect of polydispersity. Agreement among the o PMMAD20/6400m
various data sets for the equilibrium fluig € 0.50) is ex- P .
cellent, and the data for silica extend the curve well into the ¢ SIOVEGGH25/485nm
metastable fluid regime. 100 oy "
Given these data we now assess the accuracy of the thec b s
ries described earlier and seek insight into the nature anc [ —- = rescaled Brownian dynamics .

location of the divergence in the viscosity. Figure 4 superim- o
poses on the data predictions from Stokesian and Browniar
dynamics, Smoluchoski, and mode coupling approaches 10 L
Clearly for $=<0.45 the full Stokesian dynamics simulations, F
the rescaled mode coupling theory, and the rescaled Smolu
choski theory with the potential of mean force closure repro-
duce the data quite satisfactorily. Over this range, rescaling
of Brownian dynamics simulations without hydrodynamic
interactions yields low-shear viscosities that are somewha
low and Brady’s rescaling of the dilute limit from the Smolu-
choski theory without hydrodynamic interactions falls mar-
ginally above the data. However, the real diﬁgre_nces appeéar g 5. Comparison of thermodynamic contribution to the low
for ¢>0.45, where many-body thermodynamic interactionSshear viscosities with predictions from nonequilibrium theories and
become very strong. Here only the rescaled mode couplingimulations. Stokesian dynamics simulatiof4] (+), rescaled
theory and the rescaled Brownian dynamics simulationgrownian dynamics simulations without hydrodynamic interactions
come close. Replotting the theories and the same data, wif25] (*), rescaled mode coupling thediy9] (—), rescaled Smolu-
the two outlying data points eliminated, to highlight the ther-choski theory with potential of mean force closute7] (--), and
modynamic contributiom 7, (Fig. 5 provides a more tell- rescaled dilute limit of Smoluchoski theofg0] (— — —).

1/(1-¢ 10.64)
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100.0

more convincingly. Indeed we have tried. The difficulty is
easily illustrated, since the critical stress characterizing shear
thinning falls linearly toward zero at random close packing
roughly asa®o,/kT=3(0.64- ¢) [39]. Combining this with

the asymptotic forn{15) for A 5, and(5) for #., permits an
estimate for the time required to achieve unit strain at a stress
an order of magnitude smaller than the critical value, as re-
quired to assure Newtonian behavior. The times are prohibi-
tive for the SiQ/ethylene glycol—glycerol system, i.e.,
roughly 35 days atb=0.58 and 350 days ab=0.59.

This correlation indicates that the low-shear viscosity for
hard spheres diverges exponentially in the vicinity ¢@f
=0.64, rather than at a hard-sphere glass transition expected

%A to lie significantly below random close packing. Careful
e T ——— computer simulations establish the absence of a thermody-
6 7 namic glass transition for hard sphergs], but dynamic

light scattering 34] and confocal microscop)85] identify a

FIG. 6. Comparison of thermodynamic contribution to the vis- fransition in the dynamics ak=0.58. On the other hand, the
cosity with predictions from phenomenological theories: theconfocal experiments still detect motion at the longest times
Doolittle equation withC=0.225 andy=0.9 (---) and the Adam- observed beyond 0.5884,35 and, in microgravity, disper-
Gibbs equatior{—) with C=0.17 and In Zu/kT=0.9. sions of PMMA-PHSA spheres at volume fractions up to
0.64 crystallize in two weekB40,41]. Thus evidence exists

theory contains two adjustable parameters, the preexponeH1at the dynamics are not fully arrested below random close
tial factorsC and the coefficients and /KT in the expo-  Packing.

PMMA/DT25/640nm
PMMA/DT20/640nm
PMMA/D25/640nm

PMMA/D20/640nm

PMMA/MS20/602nm
10.0 PMMA/MS20/475nm
SiO2/EGGly20/488nm

== == Doolittle

¢ D> p ® O R O

ay)
o Adam-Gibbs

3 4
& (0.64-9 )

nents. The data are fit remarkably well fgr>0.3, and the This is not the first recognition of conformity of large
two curves essentially collapse, with increases in viscosity near close packing with the Doolittle
and Adam-Gibbs equations. Woodcock and AngelP]
C y Sul/kT  simulated hard-sphere liquids by molecular dynamics and
- correlated the inverse of the self-diffusion coefficient for
Doolittle 0.225 0.9 >0.50 with the Doolittle equation withp,,=0.637 andy
Adam-Gibbs 0.17 1.30  close to unity. For Si@ C,g spheres in dodecane Marshall

and Zukoski43] found the low-shear viscosity for the meta-
stable fluid to conform quite well to the Doolittle equation
Indeed,$>0.3 is exactly where pair interaction, i.e., di- with ¢,,=0.64, though the data contained considerable scat-

lute, theories begin to fail and many-body interactions be+ter. For glycerol, one of the most widely studied glass-
come important. The salient feature of both models is arforming liquids, Herbst, Cook, and King#4] measured the
exponential dependence of the low-shear viscosity on voldensity dependence of the viscosity, close to glass transition
ume fraction with the common limiting form temperature, at pressures up to 3 GPa. Free volume theory,
which ascribes an incompressible hard-sphere volume to the
molecules, correlates the data well over the entire pressure
range and, by extrapolation to the glass transition, over 12
orders of magnitude in viscosity.

The collapse is not exact because the functional forms in the However, WOOdC.OCk and Ange[l42] point out that the
exponents differ and the Doolittle equation actually divergeSUccess of the Doolittle equation for hard spheres should not
at ¢=0.64, while the results from simulatioigg] used to be construed as a vindication of the underlying models.

evaluate the Adams-Gibbs model set the divergence at Rather, the free volume theories could arrive at the right
—0.644. If one plots 1/, vs ¢ without assuming a di- €xpression from a model that oversimplifies the actual trans-

vergence at 0.64, the data follow port mechanism. Indeed, the similarity of the functional form
to that from the Adam-Gibbs theory supports this assertation.
Surely, the recent findings described above for heterogeneous
An,=1.47 exp0.116(0.625- ¢)]. (16)  structure in metastable fluid85,3§ offer different and, per-
haps, more sound ways of thinking about the glass transition,
which may be more consistent with the cooperative rear-
Since the extrapolation from the measurement¢at rangements envisioned by the Adam-Gibbs approach.
=0.562 to the divergence at 0.64 is rather long, one or more In summary, precise data for the low-shear viscosity as a
additional data points, particularly at or beyond the expectedunction of volume fraction on two model colloidal hard-
glass transition near 0.58, would establish the divergencephere dispersions, PMMA-PHSA, and bare S&pheres,

A7y=0.2 exi0.6/(0.64— $)]. (15)
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indicate a viscous fluid state, presumably metastable, up tm the data but do not extend to sufficiently high volume
random close packing. Smoluchoski and mode couplindractions.
theories fail to capture the divergence, whereas the Doolittle

and Adam-Gibbs equations offer exponential forms that cor-

relate the data well, given tw@(1) adjustable parameters.  This research was supported by the NASA Microgravity
The available Stokesian dynamics simulations also confornSciences Program.
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